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Abstract
The various plasma models -
• incompressible magnetohydrodynamic (MHD) model
• compressible MHD model
• incompressible Hall MHD model
• compressible Hall MHD model
• electron MHD model
• compressible Hall MHD with electron inertia model
notwithstanding the diversity of the underlying physics, are shown to exhibit some common
features in the Beltrami states like -
• certain robustness with respect to the plasma compressibility effects (albeit in the
barotropy assumption);
• the Bernoulli condition.
The Beltrami states for these models are deduced by minimizing the appropriate total energy
while keeping the appropriate total helicity constant. A Hamiltonian formulation framework
is used to carry out these variational problems.
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1 Introduction
It is well known that a significant class of exact solutions of the equations of plasma dynamics
emerges under the Beltrami condition - the local current density is proportional to the
magnetic field - the force-free state (Lundquist [1], Lust and Schluter [2]). These Beltrami
solutions are also known to correlate well with real plasma behavior (Priest and Forbes [3],
Schindler [4]). The purpose of this paper is to consider several models of plasma dynamics -
• incompressible magnetohydrodynamic (MHD) model
• compressible MHD model
• incompressible Hall MHD model
• compressible Hall MHD model
• electron MHD model
• compressible Hall MHD with electron inertia model,
which have quite diverse underlying physics. Nevertheless, the isotopological energy-lowering
Beltramization process is shown to induce exhibition of some common features by these
plasma models in the final Beltrami states. The Beltrami states are deduced using a Hamil-
tonian formulation framework of the various plasma models.
2 The Non-canonical Hamiltonian Formulation
Hamiltonian formulations have traditionally played an important role in both classical and
quantion mechanics of particles and fields. However, Hamiltonian formulations were not
introduced into fluid plasma problems until recently. This is due to the fact that the Eu-
lerian variables in fluid-flow problems are non-canonical (Salmon [5]) because they are not
related to the corresponding Lagrangian variables by a canonical transformation. Besides
the Hamiltonian system in question is infinite-dimensional because the dynamical variables
are now fields and functions of state become functionals of state.
For an illustration of the non-canonical Hamiltonian formulation framework used in the
various plasma dynamics cases in this paper let us consider the incompressible hydrodynamic
model described by Euler’s equations (in usual notations),
∂ω
∂t
= ∇× (v× ω) (1a)
∇ · v = 0 (1b)
where ω is the vorticity -
ω ≡ ∇× v. (2)
Equations (1a,b)have the Hamiltonian formulation -
1
2
∫
V
ψ · ω dV (3a)
where V is the volume occupied by the fluid and
v ≡ ∇×ψ. (3b)
2
Here, we have put |ψ| = 0 on the boundary ∂V, and ψ is made unique by imposing the
gange condition -
∇ ·ψ = 0. (4)
We choose ω to be canonical variable, and following Olver [6], take
J = −∇× (ω × (∇× (·))) (5)
as an ω-dependendent differential operator which produces a skew-symmetric transforma-
tion of vector functions vanishing on ∂V and satisfies a closure condition on an associated
symplectic two-form (see [6] for the proof).
The Hamilton equation is then
∂ω
∂t
= J
δH
δω
(6)
which is just equation (1a). Here, δH/δω is the variational derivative. Thus, in the Hamil-
tonian formulation, the Euler equations characterize geodesic flow on an infinite-dimensional
group of volume-preserving diffeomorphisms.
The operator J may be seen to induce the Poisson bracket (Shepherd [7]) -
[F,G] = (
δF
δω
, J
δG
δω
)
= −
∫
V
δF
δω
· ∇ × [ω × (∇×
δG
δω
)]dV
= −
∫
V
(∇×
δF
δω
) · [ω × (∇×
δG
δω
)]dV
=
∫
V
ω · [(∇×
δF
δω
)× (∇×
δG
δω
)]dV (7)
which is defined on admissible functionals F [ω] and G[ω] satisfying
∇ ·


δF
δω
δG
δω

 = 0 in V and
∣∣∣∣δFδω
∣∣∣∣ ,
∣∣∣∣δGδω
∣∣∣∣ = 0 on ∂V. (8)
(7) satisfies the anti-symmetry property -
[F,G] = −[G,F ] (9a)
and the Jacobi identity,
[[F,G], K] + [[G,K], F ] + [[K,F ], G] = 0 (9b)
and other required algebraic properties of Poisson brackets.
The dynamics underlying equations (1a,b) can then be represented symplectically by
∂F
∂t
= [F,H] (10)
for admissible functionals F [ω].
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3 The Incompressible MHD Model
Let us now consider the MHD incompressible model as a preamble to discussion of several
more complex models of plasma dynamics. The original Hamiltonian formulation of the
MHD model was given by Morrison and Greene [8] (see also Morrison [9]). The MHD
equations (in the usual notations),
∂ω
∂t
= ∇× (v×ω) +
1
ρc
∇× (J×B) (11)
∂A
∂t
= v × (∇×A) (12)
have the Hamiltonian formulation
H ≡
1
2
∫
V
(ψ · ω +
1
c
A · J) dV. (13)
Here ρ is the constant mass density of the plasma, and
ρv ≡ ∇×ψ, B ≡ ∇×A, ω ≡ ∇× v (14)
V being the volume occupied by the plasma.
The Hamilton equations are then

∂ω
∂t
∂A
∂t

 = J


δH
δω
δH
δA

 (15)
where
J ≡

 −∇× (
ω
ρ × (∇× (·))) −∇× (
B
ρ × (·))
−Bρ × (∇× (·)) 0

 . (16)
The operator J may again be viewed to induce a Poisson bracket as shown in Section 2.
The Casimir invariants for this problem are annihilators of the Poisson brackets which be-
come degenerate when expressed in terms of these natural quantities. The Casimir invariants
are therefore solutions of the equations -
J


δC
δω
δC
δA

 =

 0
0

 · (17)
It may be verified that two such solutions are

δC(1)
δω
δC(1)
δA

 =

 0
B

 · (18)
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or
C(1) =
∫
V
A ·B dV (19)
and 

δC(2)
δω
δC(2)
δA

 =

 A
ω

 (20)
or
C(2) =
∫
V
ω ·A dV =
∫
V
v ·B dV. (21)
C(1) is the total magnetic helicity while C(2) is the total cross helicity.
The invariance of the total magnetic helicity is related to the conservation of the degree of
knottedness of magnetic field lines (Moffatt [10]). The invariance of the total cross helicity is
related to the conservation of the degree of mutual knottedness of vortex lines and magnetic
field lines - this remains intact even though the vortex lines are no longer frozen in the plasma
in the MHD model (Moffatt [10]).
The total magnetic helicity and the total cross helicity are not positive definite, so one
cannot imagine developments of the minimum magnetic helicity or the minimum cross he-
licity states. Actually, one obtains a Beltrami state by minimizing H while keeping C(1)
fixed,
δH
δA
= λ(1)
δC(1)
δA
(22)
or
1
c
J = λ(1)B (23)
which is the force-free state (Woltjer [11]).
On the other hand, minimization of H, keeping C(2) fixed, leads to another Beltrami
state -
δH
δω
= λ(2)
δC(2)
δω
(24)
or
ψ = λ(2)A (25a)
or
ρv = λ(2)B (25b)
which is the Alfve´nic state (Hasegawa [12]). The MHD equations (1) and (2) become linear
in this state. (25b) further implies (on taking the scalar product of both sides with a material
surface element S) that constancy of ion mass flux through S and constancy of magnetic
flux through S become equivalent in the Beltrami state.
Combining (23) and (25), we obtain for the Beltrami state,
1
c
J =
λ(1)
λ(2)
ρv. (26)
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Further, for the Beltrami state given by both (23) and (25), we obtain the Bernoulli
condition -
p
ρ
+
1
2
v2 = const, ∀x ∈ V (27)
as in the incompressible hydrodynamic case.
4 The Compressible MHD Model
In compressible MHD the plasma density ρ is no longer constant and evolves according to
the mass conservation equation -
∂ρ
∂t
+∇ · (ρv) = 0. (28)
The plasma pressure field now plays a dynamical role and is no longer a passive variable
as in incompressible MHD where it simply adjusts instantaneously so as to keep the velocity
and magnetic fields solenoidal. This necessitates closing the compressible MHD equations
by adding an equation of state. This may be accomplished by assuming the plasma to be
barotropic, i.e., the plasma pressure is a single-valued function of the plasma density (see
Morrison [13]) for a full-fledged compressible MHD development).
Assuming the barotropic condition1
∇P ≡
1
ρ
∇p (29)
the compressible MHD equations
∂ω
∂t
= ∇× (v × ω) +
1
c
∇× (J×
B
ρ
) (30)
∂A
∂t
= v × (∇×A) (12)
have the Hamiltonian formulation,
H =
1
2
∫
V
(ψ · ω +
1
c
A · J) dV (31)
where, we stipulate as in (14),
ρv ≡ ∇×ψ (32)
but ρ is not a constant. However, (32) in conjunction with equation (28), implies the
restrictive condition ∂ρ/∂t = 0, implying that the density is frozen in time.2
1Barotropic behavior typically results on assuming that either the specific entropy or the
temperature is constant in space and time - P then represents the specific enthalpy.
2This is generally valid if the plasma pressure exceeds the magnetic pressure.
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The Hamilton equations are then

∂ω
∂t
∂A
∂t

 = J


δH
δω
δH
δA

 (15)
where,
J ≡

 −∇×
((
ω
ρ
)
× (∇× (·))
)
−∇×
(
B
ρ × (·)
)
−Bρ × (∇× (·)) 0

 . (33)
(33) looks formally the same as (16), but is different because it acts on a different class of
functions.
The Casimir invariants for this problem are solutions of the equations -
J


δC
δω
δC
δA

 =

 0
0

 · (34)
It may again be verified that two such solutions are
C(1) =
∫
V
A ·B dV (19)
C(2) =
∫
V
ω ·A dV =
∫
V
v ·B dV. (21)
It is to be observed that the conservation of total magnetic helicity does not require
barotropic conditions unlike the conservation of total cross helicity, which is predicated on
the existence of the barotropy condition (29).
Minimization of H, keeping C(1) fixed, gives the force-free state
1
c
J = λ(1)B (23)
while minimization of H, keeping C(2) fixed, gives
ψ = λ(2)A (35a)
or
ρv = λ(2)B (35b)
which is the generalized Alfve´nic state pertinent for a compressible plasma.
Combining (23) and (35), we obtain for the Beltrami state,
1
c
J =
λ(1)
λ(2)
ρv (36)
which is the same as that, namely (26), in the incompressible case. This is plausible because,
under the restrictive condition ∂ρ/∂t = 0 implicit in (32), the vector fields J and ρv are
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solenoidal for both incompressible and compressible MHD Beltrami states. Thus, the MHD
Beltrami states exhibit characterizations that seem to show certain robustness with respect
to the plasma compressibility effects (albeit in the barotropy assumption).
Further, in the Beltrami state given by (23) and (35), we obtain the Bernoulli condition,
P +
1
2
v2 = const, ∀x ∈ V (37)
as in the compressible hydrodynamic case (Shivamoggi and van Heijst [14]).
5 The Incompressible Hall MHD Model
In a high-β plasma, on length scales in the range de < ` < di, where ds ≡ c/ωps, s = i, e,
is the skin depth, the electrons decouple from the ions and this results in an additional
transport mechanism for the magnetic field via the Hall current (Sonnerup [15]), which is
the ion-inertia contribution in Ohm’s law (see equation (34) below). The Hall effect leads to
the generation of whistler waves whose -
• frequency lies between ion-cyclotron and electron-cyclotron frequencies ωci and ωce,
respectively,
• phase velocity exceeds that of Alfve´n waves for wavelengths parallel to the applied
magnetic field less than di.
Further, the decoupling of ions and electrons in a narrow region around the magnetic neutral
point (where the ions become unmagnetized while the electrons remain magnetized3) allows
for rapid electron flows in the ion dissipation region and hence a faster magnetic reconnection
process in the Hall MHD regime (Mandt et al. [18]).
The incompressible Hall MHD equations (which were actually formulated by Lighthill
[19] long ago following his far-sighted recognition of the importance of the Hall term in the
generalized Ohm’s law),
∂Ωi
∂t
= ∇× (vi ×Ωi) (38)
∂A
∂t
=
1
c
vi ×B−
1
nec
J×B (39)
where n is the constant number density of ions (or electrons) and Ωi is the generalized
vorticity,
Ωi ≡ ωi + ωci, ωi ≡ ∇× vi, ωci ≡
eB
mic
(40)
have the Hamiltonian formulation,
H ≡
1
2
∫
V
[ψi ·Ωi +
1
c
A · (J− nevi)] dV. (41)
3The Hall MHD model has a superficial resemblance to the Landau [16] model of super-
fluid 4He which considers the superfluid below the lambda point as a two-fluid system - a
frictionless superfluid and a viscous normal fluid. The vorticies in superfluid 4He are frozen
in the superfluid but slip past the normal fluid (Donnelly [17]).
8
where,
minvi ≡ ∇×ψi. (42)
Here, we have considered an incompressible, two-fluid, quasi-neutral plasma and have
neglected the electron inertia.
The Hamilton equations are then

∂Ωi
∂t
∂A
∂t

 = J


δH
δΩi
δH
δA

 (43)
where,
J ≡

 −∇× (
Ωi
min
× (∇× (·))) 0
0 cBne × (·)

 . (44)
The Casimir invariants for this problem are solutions of the equations,
J


δC
δΩi
δC
δA

 =

 0
0

 · (45)
It may be verified that two such solutions are

δC(1)
δΩi
δC(1)
δA

 =

 0
B

 (46)
or
C(1) =
∫
V
A ·B dV (47)
as with classical MHD, and 

δC(2)
δΩi
δC(2)
δA

 =


eA
mic
+ vi
(
e
mic
)2
B

 (48)
or
C(2) =
∫
V
(
eA
mic
+ vi) ·Ωi dV (49)
which is the total generalized ion cross helicity.4
4On noting, alternatively,
C(2) =
∫
V
[(
e
mic
)2
A ·B+ vi ·
(
2Ωi − ωi
)]
dV
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Minimization of H, keeping C(1) fixed, gives
δH
δA
= λ(1)
δC(1)
δA
(50)
or, on redefining the Lagrange multiplier λ(1),
1
c
(J− nevi) = λ(1)B. (51)
On the other hand, minimization of H, keeping C(2) fixed, gives
δH
δΩi
= λ(2)
δC(2)
δΩi
(52)
or
ψi = λ(2)
(
eA
mic
+ vi
)
(53a)
or
minvi = λ(2)Ωi (53b)
which is the generalizedAlfve´nic state. (54) implies that constancy of ion mass flux through a
material surface element S and constancy of generalized magnetic flux (which is the magnetic
flux plus the ion fluid vorticity flux) through S become equivalent in the Beltrami state
(Shivamoggi [20]).
Combining (51) and (53), we obtain for the Beltrami state,
mi
e
∇×B− (λ(1)
mi
e
+
e
mic
λ(2))B = λ(2)ωi (54)
in agreement with that given by Turner [21].
Further in the Beltrami state given by (51) and (53), we obtain again the Bernoulli
condition -
pi
ρ
+
1
2
v2i = const, ∀x ∈ V (27)
as in the incompressible hydrodynamic case.
6 The Compressible Hall MHD Model
Treatment of the compressible Hall MHD model, where the number density n of ions (or
electrons) is no longer constant, is again facilitated by assuming the barotropic conditions
∇Pe,i ≡
1
nme,i
∇pe,i (55)
we obtain
δC(2)
δA
=
(
e
mic
)2
B
as required, per (48).
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the compressible Hall MHD equations
∂Ωi
∂t
= ∇× (vi ×Ωi) (56)
∂A
∂t
= vi ×B−
1
e
J×
(
B
n
)
(39)
have the Hamiltonian formulation,
H ≡
1
2
∫
V
[
ψi ·Ωi +
1
c
A ·
(
J− nevi
)]
dV (41)
where, as in (42),
minvi ≡ ∇×ψi. (57)
but n is not a constant. However, (58), in conjunction with equation (28), again implies the
restrictive condition ∂n/∂t = 0.
The Hamilton equations are then

∂Ωi
∂t
∂A
∂t

 = J


δH
δΩi
δH
δA

 (43)
where,
J ≡

 −∇×
(
Ωi
min
× (∇× (·))
)
0
0 cBne × (·)

 . (58)
The Casimir invariants for this problem are solutions of the equations,
J


δC
δΩi
δC
δA

 =

 0
0

 · (59)
It may again be verified that two such solutions are
C(1) =
∫
V
A ·B dV (47)
C(2) =
∫
V
(
eA
mic
+ vi) ·Ωi dV . (49)
Minimization of H, keeping C(1) fixed, gives
1
c
(J− nevi) = λ(1)B (60)
while minimization of H, keeping C(2) fixed, gives
ψi = λ(2)(
eA
mic
+ vi) (61a)
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or
minvi = λ(2)Ωi (61b)
which is the generalized Alfvenic state. (60) and (61) are in agreement with those given by
Mahajan et al. [22].
Combining (60) and (61), we obtain for the Beltrami state,
mi
e
∇×B− (λ(1)
mi
e
+
e
mic
λ(2))B = λ(2)ωi (62)
which is the same as that in the incompressible case, namely (54), (Turner [21]). This is
plausible because (62) is re-expressible in the form
J = aωi + bΩi (63)
the vector fields J, ωci, and ωi being solenoidal for both incompressible and compressible
Hall MHD Beltrami states.
Thus, the Hall MHD Beltrami states exhibit characterizations that also seem to show
certain robustness with respect to the plasma compressibility effects (albeit in the barotropy
assumption) in spite of the fact that the Hall MHD Beltrami states are neither force-free
(J 6= aB) nor Alfve´nic (vi 6= bB)!
Further, in the Beltrami state given by (60) and (61), we obtain again the Bernoulli
condition,
Pi +
1
2
v2 = const, ∀x ∈ V (37)
as in the compressible hydrodynamic case [14].
7 The Electron MHD Model
In the MHD model, the dynamics is dominated by ions with electrons serving to shield out
rapidly any charge imbalances. In electron MHD (EMHD), with ` ρsi, ρs being the gyro-
radius, on the other hand, the dynamics is dominated by electrons with the demagnetized
ions serving to provide the neutralizing static background (Kingsep et al. [23], Gordeev et
al. [24]). The assumptions underlying the EMHD model are ` di and that the frequencies
involved are greater than ωci and ωpi.
The magnetic field transport equation is
∂Be
∂t
= ∇× (ve ×Be) (64)
where Be is the generalized magnetic field,
Be ≡ B− d
2
e∇
2B. (65)
On using the electron mass conservation condition
∂ne
∂t
+∇ · (neve) = 0 (66)
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and the barotropic condition (55), equation (64) may be rewritten as
D
Dt
(
Be
ne
)
=
(
Be
ne
· ∇
)
ve. (67)
On introducing the vector potential,
B ≡ ∇×A (14)
with the gauge condition,
∇ ·A = 0 (68)
imposed to render A unique, equation (64) leads to
∂Ae
∂t
= ve × (∇×Ae)−∇φ (69)
where Ae is the generalized magnetic vector potential,
Ae ≡ A− d
2
e∇
2A (70)
and φ is an arbitrary scalar function. Equation (69) may be rewritten as
DAei
Dt
= vej
∂Aej
∂xi
−
∂φ
∂xi
. (71)
Note, from (65), (14), and (70), we have
Be = ∇×Ae. (72)
We obtain from equations (67) and (71),
D
Dt
(
Ae·Be
ne
)
= Aei
D
Dt
(
Bei
ne
)
+
Bei
ne
DAei
Dt
= Aei
(
Bej
ne
∂vei
∂xj
)
+
Bei
ne
(
vej
∂Aej
∂xi
−
∂φ
∂xi
)
=
(
Be
ne
)
· ∇ (ve ·Ae − φ) .
(73)
Suppose S be a magnetic surface enclosing a volume V and moving with the electron
fluid; consider the total generalized electron magnetic helicity,
HeM ≡
∫
V
Ae ·Be dV. (74)
Then, on noting the mass-conservation condition for an electron fluid element,
D
Dt
(ne dV ) = 0 (75)
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and using equation (63), we have,
dHeM
dt
=
∫
V
D
Dt
(
Ae·Be
ne
)
ne dV
=
∫
V (Be · ∇)(ve ·Ae − φ) dV
=
∮
S(nˆ ·Be)(ve ·Ae − φ) dV = 0
(76)
because nˆ ·Be = 0 on S (nˆ being the outward normal to S). Thus, we have in EMHD,
HeM = const. (77)
7.1 A Lagrange Invariant
If we impose the gauge condition,
φ− ve ·Ae = 0 (78)
we have from equation (73),
D
Dt
(
Ae ·Be
ne
)
= 0. (79)
So, the generalized electron magnetic potential helicity is a Lagrange invariant,
Ae ·Be
ne
= const. (80)
The generalized electron magnetic potential helicity Lagrange invariant (80) signifies in-
variance of the topology of the generalized magnetic field in EMHD. The generalized electron
magnetic potential helicity is therefore important for the study of topological properties of
magnetic field lines in EMHD in analogy to the incompressible MHD case (Moffatt [10])
where (80) reduces to the magnetic helicity Lagrange invariant,
A ·B = const. (81)
(81) was deduced by Kuz’min [25] via an impulse formulation of the incompressible MHD
equations.
Using (78), equation (71) becomes
DAei
Dt
= Aej
∂vej
∂xi
. (82)
On the other hand, if ` a vector field associated with an infinitesimal line element of the
electron fluid, ` evolves according to (Batchelor [26]),[
∂
∂t
+ (ve · ∇)
]
` = (` · ∇)ve (83)
which is identical to equation of evolution of Bene , namely, (67). Therefore, the field lines of
Be
ne evolve as electron fluid line elements.
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Next, if S is a vector field associated with an oriented material surface element of the
electron fluid, S evolves according to (Batchelor [26])[
∂
∂t
+ (ve · ∇)
]
(neS) = − (∇ve)
T (neS) (84)
which is identical to the equation of evolution of Ae, namely (82). Therefore, the field
lines of Ae evolve as oriented electron fluid surface mass elements - the direction of Ae is
orthogonal to the surface mass element.
These results imply that the generalized electron magnetic potential helicity invariant is
simply physically equivalent to the mass conservation of the electron fluid element. One
may even view this equivalence to provide a kind of inevitability to the generalized electron
magnetic potential helicity invariant.
7.2 Variational Formulation
Consider now states resulting by minimizing the total energy,
E ≡
1
2
∫
V
(B2 +menev
2
e)dV =
1
2
∫
V
(
B2 + d2e(∇×B)
2
)
dV (85)
subject to constancy of the total generalized magnetic helicity,
HeM =
∫
V
Ae ·Be dV = const. (77)
In the second statement of equation (85), we have neglected the displacement current ∂E/∂t
and changes in ne - this is valid if ω  ω
2
pe/ωce, and assumed the electron temperature Te
is constant.
This leads to ∫
V
[{B+ d2e∇× (∇×B)} · δB+ 2µBe · δAe] dV = 0 (86)
which may be rewritten as∫
V
[∇×Be + 2µ{Be + d
2
e∇× (∇×Be)}] · δA dV = 0. (87)
(87) leads to
d2e∇× (∇×Be) +
1
2µ
(∇×Be) +Be = 0 (88)
which is a double Beltrami state in Be.
On the other hand, the equation of motion of the electrons, on assuming the barotropic
condition (55), is
me
∂ve
∂t
+
e
me
E− ve ×Ωe = −∇
(
v2e
2
+
pe
ne
)
(89)
where,
Ωe ≡ ωe + ωce, ωe ≡ ∇× ve, ωce ≡ −
eB
mec
. (90)
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Upon taking the curl of equation (89), we obtain
∂Ωe
∂t
= ∇× (ve ×Ωe) (91)
where we have noted,
E = −
1
c
∂A
∂t
. (92)
The Beltrami state is then given by
Ωe = ave (93)
a being on arbitrary function of space and time. (93) may be rewritten as
d2e∇× (∇×B)− a(∇×B) +B = 0 (94)
which is a double Beltrami state in B but is isomorphic to equation (88) given by the
variational development.
Thus, the Beltrami state in EMHD continues to possess the usual variational characteri-
zation - the minimizer of energy on iso-helicity surfaces.
Further detail on this Beltrami state, like the determination of the arbitrary function a
in equation (93), becomes available on posing a Hamiltonian formulation of equation (91).
7.3 Hamiltonian Formulation
The Hamiltonian for this system is
H =
1
2
∫
V
(menev
2
e +B
2) dV (95)
which may be rewritten as
H =
1
2
∫
V
(ψe · ωe+
1
c
A · J) dV (96)
where
meneve ≡ ∇×ψe. (97)
(97) implies the restrictive conditon ∂ne/∂t = 0 - this, as mentioned previously, is now,
however, the assumption underlying the EMHD model. (96) may be rewritten as
H =
1
2
∫
V
[
ψe · ωe −
e
c
A · (neve)
]
dV (98)
which, on using (97), becomes
H =
1
2
∫
V
ψe ·Ωe dV. (99)
We assume either that nˆ ·Ωe = 0 on a surface S which bounds the volume V and moves
with the electron fluid or that V is unbounded and Ωe falls away sufficiently rapidly.
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We take Ωe to be the canonical variable and the skew-symmetric operator J to be
J ≡ −∇×
[(
Ωe
mene
)
× (∇× (·))
]
. (100)
The Hamilton equation is then
∂Ωe
∂t
= J δH
δΩe
= −∇×
[(
Ωe
mene
)
× (∇×ψe)
]
= −∇×
[(
Ωe
mene
)
× (nemeve)
]
= ∇× (ve ×Ωe)
as required (equation (91)).
The Casimir invariants for this system are solutions of the equation,
J
δC
δΩe
= −∇×
[(
Ωe
mene
)
×
(
∇×
δC
δΩe
)]
= 0 (101)
from which,
δC
δΩe
= ve −
eA
mec
(102)
so,
C =
∫
V
(
ve −
eA
mec
)
·Ωe dV (103)
which is simply the total generalized electron magnetic helicity given by (74).
The Beltrami state is the minimizer of H, keeping C constant, and is given by
δH
δΩe
= λ
δC
δΩe
(104)
or
ψe = λ
(
ve −
eA
mec
)
(105)
or
meneve = λΩe (106)
which is just the Beltrami state (93), with a = mene
λ
.
Further, in the Beltrami state given by (106), we obtain again the Bernoulli condition,
Pe +
1
2
v2e = const, ∀x ∈ V (107)
as in the compressible electron hydrodynamic case.
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8 The Compressible Hall MHD with Electron Inertia Model
Let us now consider compressible Hall MHD with electron inertia with length scales in the
range l < de.
The equation of motion of the ions, on assuming the barotropic condition (55), is
∂vi
∂t
−
e
mi
E− vi ×Ωi = −∇
(
v2i
2
+ Pi
)
(108)
where,
Ωi ≡ ωi + ωci, ωi ≡ ∇× vi, ωci ≡
eB
mic
. (109)
Equation (108) may be rewritten as
∂
∂t
(
vi +
eA
mic
)
− vi ×Ωi = −∇
(
v2i
2
+ Pi
)
. (110)
Upon taking the curl of equation (110), we obtain
∂Ωi
∂t
= ∇×
(
vi ×Ωi
)
. (111)
On the other hand, from the equation of motion of the electrons, namely, equation (89),
we obtain equation (91).
From equations (91) and (111), the Beltrami state is then given by
Ωe = ave, Ωi = bvi (112)
a and b being arbitrary functions of space and time.
Assuming the quasi-neutrality condition,
ne ≈ ni = n (113)
we obtain from equation (112),
c
e
∇×B−
ne
c
(
1
mib
+
1
mea
)
B =
n
b
∇× vi −
n
a
∇× ve (114)
which reduces to equation (62), on dropping the electron contribution.
Further detail on this Beltrami state, like the determination of the arbitrary functions a
and b in equation (112), becomes available on posing a Hamiltonian formulation of equations
(91) and (111).
8.1 Non-canonical Hamiltonian Formulation
The Hamiltonian for this system is
H =
1
2
∫
V
(
minv
2
i +menv
2
e +B
2
)
dV (115)
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which may be rewritten as
H =
1
2
∫
V
(
ψi · ωi +ψe · ωe +
1
c
A · J
)
dV (116)
where,
me,i nve,i ≡ ∇×ψe,i. (117)
(117) again implies the restrictive condition ∂n
∂t
= 0. (116) may be rewritten as
H =
1
2
∫
V
[
ψi · ωi +ψe · ωe +
e
c
A · n
(
vi − ve
)]
dV (118)
which, on using (117), becomes
H =
1
2
∫
V
(
ψi ·Ωi +ψe ·Ωe
)
dV. (119)
We assume that V is unbounded and Ωe,i fall away sufficiently rapidly.
The Hamilton equations are then

∂Ωi
∂t
∂Ωe
∂t

 = J


δH
δΩi
δH
δΩe

 (120)
where,
J ≡

−∇×
[(
Ωi
min
)
× (∇× (·))
]
0
0 −∇×
[(
Ωe
men
)
× (∇× (·))
]

 . (121)
The Casimir invariants for this system are solutions of the equations,
J


δC
δΩi
δC
δΩe

 =

0
0

 .
It may be verified that two such solutions are
C(1) =
∫
V
(
vi +
eA
mic
)
·Ωi dV (122)
C(2) =
∫
V
(
ve −
eA
mec
)
·Ωe dV (123)
which are the total generalized ion and electron magnetic helicities, respectively.
The Beltrami state is the minimizer of H keeping C(1) and C(2) constant, and is given
by
δH
δΩi
= λ(1)
δC(1)
δΩi
(124)
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and
δH
δΩe
= λ(2)
δC(2)
δΩe
(125)
which lead to
ψi = λ(1)
(
vi +
eA
mic
)
(126a)
and
ψe = λ(2)
(
ve −
eA
mec
)
(127a)
or
minvi = λ(1)Ωi (126b)
and
menve = λ(2)Ωe (127b)
which is just the Beltrami state (112), with a = nme
λ(2)
and b =
nmi
λ(1)
. Observe that (126b) is
the same as that in the incompressible case, namely, (53).
Further, in the Beltrami state given by (126) and (127), we obtain the Bernoulli conditions,
Pi +
1
2
v2i = const, ∀x  V (128)
Pe +
1
2
v2e = const, ∀x  V (129)
as in the compressible ion/electron hydrodynamic case.
9 Discussion
The emergence of a significant class of exact solutions of equations governing several models
of plasma dynamics and their correlation to real plasma behavior raises the question: Do
plasmas have an intrinsic tendency towards Beltramization? Though a definitive answer of
this question is not available yet, it may be of some help to note that the Beltramization
process provides the means via which the plasma system in question can accomplish -
• ergodicity of the streamlines of the respective flow (Moffatt [27]);
• selective dissipation of total energy (Woltjer [11]);
Furthermore, in this paper we have seen that the Beltramization process also induces
exhibition of some common features like -
• certain robustness with respect to the plasma compressibility effects (albeit in the
barotropy assumption);
• the Bernoulli condition;
20
by the various plasma models in the final Beltrami states, despite quite diverse underlying
physics. Similar results have been shown to be valid also in hdyrodynamics (Shivamoggi et al.
[14] and [28]). Beltrami states appear to have a certain resemblance to critical phenomena
aspects in condensed matter physics - at a critial point, as is well known, many of the
precise details of the interactions between constituent subunits play essentially no role in
determining the bulk properties of the system. The latter are determined primarily by the
dimension of the system and the general symmetry properties of the constituent subunits.
Consequently, totally dissimilar systems exhibit certain universal features in their behavior
near the critical point (Stanley [29]).
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